Following the newly formulated notion of form invariance of the neutrino mass matrix, a complete model of leptons is constructed. It is based on a specific unitary 3 × 3 matrix U in family space, such that U 2 is the simple discrete symmetry ν e → −ν e , ν µ ↔ ν τ . Thus U also generates the cyclic group Z 4 . The charged-lepton mass matrix is nearly diagonal while the neutrino mass matrix is of the form suitable for explaining maximal (large) mixing in atmospheric (solar) neutrino oscillations in the context of three nearly degenerate neutrino masses. Observable lepton flavor violation is predicted. Quarks may be treated in the same way as the charged leptons.
To understand the form of the neutrino mass matrix M ν , a new idea has recently been proposed [1] . It is postulated that there is a specific 3 × 3 unitary matrix U with Un = 1 such that
and for some N <n, the matrix U N represents a well-defined discrete symmetry in the ν e,µ,τ basis, for which the charged-lepton mass matrix M l is diagonal. However, since each neutrino belongs to an SU(2) L × U(1) Y doublet, the corresponding left-handed charged leptons (e, µ, τ ) must also transform under U. A complete theory must then reconcile the apparent contradictory requirement that M ν satisfies Eq. (1), but M l does not. The resolution of this conundrum is in the soft and spontaneous breaking of the symmetry supported by U, as was done for example in the A 4 model [2, 3] of degenerate neutrino masses. In this paper we show how this may be achieved with the specific unitary matrix
where
i.e. the simple discrete symmetry
The matrix U of Eq. (2) is thus a "square root" of this discrete symmetry. We see immediately also that U 4 = 1; hence our model is a specific realization of the cyclic group Z 4 as a family symmetry.
The most general Majorana mass matrix M ν is of the form
Using Eqs. (1) and (2), we find that it becomes
This mass matrix has eigenvalues A, −A, and A + 2B, corresponding to the eigenstates ν e , (ν µ − ν τ )/ √ 2, and (ν µ + ν τ )/ √ 2. We see immediately that ν µ − ν τ mixing is maximal with
which is suitable for explaining atmospheric neutrino oscillations [4] . If A << B, we have the hierachical structure of neutrino masses and B = ∆m 2 atm /2 ≃ 0.025 eV. On the other hand, if B << A, we have the more interesting scenario of three nearly degenerate neutrino masses, with the prediction that A is large enough to be measured by neutrinoless double beta decay. As for solar neutrino oscillations [5] , we can obtain the large-mixing-angle solution by invoking flavor-changing radiative corrections [1, 3] . Details will be presented in a later paragraph.
The leptonic Yukawa couplings of our model is given by
where we have adopted the convention that all fermion fields are left-handed, with their righthanded counterparts denoted by the corresponding (left-handed) charge-conjugate fields. We have also extended the Higgs sector of the Standard Model of particle interactions to include three doublets (φ 0 j , φ − j ) and one very heavy triplet (ξ
Y gauge symmetry will be spontaneously broken mainly by the vacuum expectation value of one particular Higgs doublet. As a result, the vacuum expectation values of the other two Higgs doublets can be naturally small [6] and that of the triplet even smaller [7] .
We now assume that L Y is invariant under the transformation
This means
resulting in
Note that h has no d terms because it has to be symmetric.
The neutrino mass matrix M ν is then given by
whereas the charged-lepton mass matrix
, then all elements in the first, second, and third rows are of order dv 2 +av 1 , bv 2 +av 3 , and av 2 respectively. It is clear that they may be chosen to be of order m e , m µ , and m τ , in which case M l will become nearly diagonal by simply redefining the l
is diagonal) will be very close to the identity matrix with off-diagonal terms of order m e /m µ , m e /m τ , and m µ /m τ . This construction allows us then to consider M ν to be in the basis (ν e , ν µ , ν τ ) to a very good approximation.
We now understand why it is sensible [1] to consider Eq. (1) as a condition on M ν . The key lies in the fact that M ν comes from neutrino couplings to a single field ξ 0 which is invariant under U, whereas M l comes from couplings to φ 0 1,2,3 which are not. Let the scalar trilinear coupling of ξ to Φ 2 Φ 2 be µ, then [7] 
where µ Going back to M ν of Eq. (6), we now consider how solar neutrino oscillations may arise in the 2 × 2 submatrix spanning ν e and (ν µ − ν τ )/ √ 2, i.e.
Consider the most general radiative corrections to M, i.e. R = r 11 r 12 r * 12
then M becomes
In terms of the full radiative correction matrix [3] , 
with r 22 − r 11 > 0. Since tan 2 θ ≃ 0.46 is desirable [8] for understanding solar neutrino oscillations [5] , flavor changing (r 12 = 0) and flavor nonuniversal (r 11 = r 22 ) interactions are required. Specific examples have already been proposed [1, 3] . As for ∆m 2 sol , it is given here by
For |r| ∼ 10 −3 which is a typical size for radiative corrections and ∆m With flavor changing radiative corrections, the U e3 entry of the neutrino mixing matrix becomes nonzero. It is given here by
which may be as large as the experimental upper bound [11] of 0.16. However, it is real so that there is no CP violation. This is in contrast to the case of the A 4 model [3] , where U e3
has to be purely imaginary [12] .
Going back to the Yukawa couplings of the leptons to the 3 Higgs doublets given by Eq. (12) and assuming the hierarchy d k << b k << a k and taking the limit that only v 2 is nonzero, we have M l of Eq. (14) simply given by
whereas Φ 1 and Φ 3 couple to l i l c j according to 
which is well below the present experimental upper bound of the order 10 −6 for all such rare decays [13] .
The decay µ − → e − e + e − may also proceed through φ 
